
© wildcard.lunchbox.io China Math Olympiad Problems And Solutions 1

China Math Olympiad Problems And
Solutions

China Math Olympiad Problems and Solutions: An In-
Depth Overview

China math olympiad problems and solutions have gained significant recognition
worldwide for their challenging nature and the level of mathematical creativity they
demand. These problems are designed to test the problem-solving skills, logical
reasoning, and deep understanding of mathematical concepts among talented students
across China and beyond. Participating in these competitions not only prepares students
for future academic pursuits but also nurtures a love for mathematics and its elegant
solutions. In this article, we will explore the types of problems presented in the China
Math Olympiad, analyze some typical question formats, and provide detailed solutions to
illustrate effective strategies. Whether you're a student preparing for upcoming contests
or an educator seeking insights into the problem-solving approaches, this comprehensive
overview aims to deepen your understanding of the intricacies involved in these
prestigious competitions.

Overview of the China Math Olympiad

History and Significance

The China Mathematical Olympiad (CMO) has a long-standing tradition dating back to its
inception in the 1980s. Recognized for its rigorous standards and high caliber of
problems, the CMO acts as a gateway to international competitions such as the
International Mathematical Olympiad (IMO). Success in the CMO is highly regarded, often
leading to national recognition and scholarships for talented students.

Structure and Format

Typically, the China Math Olympiad consists of multiple rounds, including: - Preliminary
Rounds: Focused on broad student participation with multiple-choice and short-answer
questions. - National Olympiad: A more challenging series of problems requiring detailed
solutions, often over two or three days. - Final Selection: Top performers are selected for
international competitions or advanced training programs. The problems are designed to
test a range of skills, including algebra, number theory, combinatorics, and geometry.



Common Types of Problems in China Math Olympiad

Understanding the typical problem formats is essential for effective preparation. These
problems often fall into the following categories:

1. Number Theory Problems

Number theory problems involve properties of integers, divisibility, primes, and modular
arithmetic. Example Topics: - Divisibility rules - Prime factorization - Congruences -
Diophantine equations

2. Algebraic Problems

These problems challenge students to manipulate algebraic expressions, equations, and
inequalities. Example Topics: - Polynomial roots - Symmetric expressions - Functional
equations

3. Geometry Problems

Geometry problems in the Olympiad often involve classical Euclidean geometry,
coordinate geometry, and sometimes, combinatorial geometry. Example Topics: -
Triangle properties - Circle theorems - Geometric constructions - Area and length
calculations

4. Combinatorics Problems

These problems test counting principles, arrangements, permutations, combinations, and
probability. Example Topics: - Counting arrangements - Pigeonhole principle - Inclusion-
exclusion principle - Graph theory basics

Sample Problem and Detailed Solution Demonstrations

To illustrate the problem-solving process characteristic of China Math Olympiad problems,
let's analyze some representative questions from different categories.

Number Theory Problem

Problem: Find all positive integers \( n \) such that \( n^2 + 1 \) is divisible by \( n + 1 \).
Solution: Step 1: Restate the problem: Find all \( n \in \mathbb{Z}^+ \) such that \( n + 1
\mid n^2 + 1 \). Step 2: Use polynomial division or the Remainder Theorem: Divide \( n^2
+ 1 \) by \( n + 1 \): \[ n^2 + 1 = (n + 1)(n - 1) + 2 \] (Because: \( (n + 1)(n - 1) = n^2 - 1
\), so: \[ n^2 + 1 = (n^2 - 1) + 2 = (n + 1)(n - 1) + 2 \] ) Step 3: The divisibility condition
requires: \[ n + 1 \mid n^2 + 1 \implies n + 1 \mid 2 \] since the remainder upon division
is 2. Step 4: Find positive integers \( n \) such that \( n + 1 \mid 2 \): - \( n + 1 = 1 \implies
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n = 0 \) (not positive, discard) - \( n + 1 = 2 \implies n = 1 \) Thus, the only valid \( n \) is
1. Answer: \(\boxed{n=1}\)

Geometry Problem

Problem: In triangle \( ABC \), \( AB = AC \), and \( D \) is the midpoint of \( BC \). The line
through \( D \) parallel to \( AB \) intersects \( AC \) at \( E \). Find the measure of \( \angle
BAC \). Solution: Step 1: Recognize that \( ABC \) is isosceles with \( AB = AC \). Step 2:
Because \( D \) is the midpoint of \( BC \), and \( DE \) is drawn parallel to \( AB \), then \( E
\) lies on \( AC \). Step 3: Use properties of similar triangles: - Since \( DE \parallel AB \),
triangles \( ADE \) and \( ABC \) are similar by AA criterion. Step 4: Observe that: - \( D \) is
midpoint of \( BC \). - \( DE \parallel AB \). By the Midsegment Theorem, \( E \) is the mid-
segment point, dividing \( AC \). Step 5: Deduce that: - \( E \) is the midpoint of \( AC \)
because \( D \) is midpoint of \( BC \) and \( DE \parallel AB \). - Therefore, \( E \) is the
midpoint of \( AC \). Step 6: Since \( E \) is midpoint of \( AC \), and \( D \) is midpoint of \(
BC \), and \( DE \parallel AB \), the quadrilateral \( ABDC \) is a parallelogram. - This
implies \( \angle BAC \) is \( 60^\circ \). Answer: \(\boxed{60^\circ}\)

Combinatorics Problem

Problem: In how many ways can 5 different books be arranged on a shelf so that two
specific books, \( A \) and \( B \), are never next to each other? Solution: Step 1: Calculate
total arrangements: Number of arrangements of 5 books: \[ 5! = 120 \] Step 2: Calculate
arrangements where \( A \) and \( B \) are together: - Treat \( A \) and \( B \) as a single
block. - Then, we have this block plus the remaining 3 books, total 4 entities. - Number of
arrangements of these 4 entities: \[ 4! = 24 \] - Within the block, \( A \) and \( B \) can be
arranged in 2 ways: \[ AB \text{ or } BA \] - Total arrangements where \( A \) and \( B \)
are together: \[ 2 \times 4! = 2 \times 24 = 48 \] Step 3: Find arrangements where \( A \)
and \( B \) are not next to each other: \[ 120 - 48 = 72 \] Answer: \(\boxed{72}\)

Strategies for Solving China Math Olympiad Problems

Success in solving problems from the China Math Olympiad often hinges on a
combination of deep mathematical insight, creative problem-solving, and strategic
thinking. Here are some essential strategies:

1. Understand the Problem Thoroughly

- Carefully read the problem multiple times. - Identify what is given and what needs to be
found. - Draw diagrams or sketches if applicable.



2. Explore Small Cases and Patterns

- Test the problem with small values to gain intuition. - Look for patterns, invariants, or
symmetries.

3. Use Algebraic and Geometric Transformations

- Translate geometric configurations into algebraic equations. - Use coordinate geometry
to simplify complex geometric problems. - Apply transformations such as rotations,
reflections, or similarity.

4. Apply Known Theorems and Lemmas

- Leverage classical results like Pythagoras, Ceva’s and Menelaus’ theorems, or
properties of cyclic quadrilaterals. - Recognize problem patterns that match well-known
lemmas.

5. Consider Complementary or Contradiction Approaches

- Think about the opposite scenario to find contradictions. - Use proof by contradiction
when direct methods are challenging.

6. Break the Problem into Smaller Parts

- Divide complex problems into manageable sub-problems. - Solve simpler versions and
build up to the full solution.

Preparation Tips for Aspiring Participants

- Practice Regularly

China Math Olympiad Problems and Solutions: An In-Depth Exploration The China
Mathematical Olympiad (CMO) stands as one of the most prestigious and challenging
national competitions for high school students, renowned for its rigorous problems and
innovative solutions. Its problems often push the boundaries of standard high school
mathematics, requiring deep insight, creative problem-solving skills, and a solid grasp of
advanced mathematical concepts. In this comprehensive review, we delve into the nature
of China Math Olympiad problems, explore the typical themes and problem types,
analyze exemplary solutions, and discuss their significance in fostering mathematical
excellence.

Introduction to China Math Olympiad (CMO)

The China Mathematical Olympiad is a national-level contest that aims to identify and
cultivate young mathematical talent across the country. It has a long-standing history,
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with origins dating back several decades, and has produced numerous Olympiad
medalists who later excel at international competitions like the International
Mathematical Olympiad (IMO). Key Characteristics of the CMO: - Difficulty Level: Problems
are extremely challenging, often requiring creative approaches beyond standard
curricula. - Focus Areas: Combinatorics, number theory, algebra, geometry, and problem-
solving techniques. - Problem Format: Usually, the contest consists of 5-6 problems, each
designed to test both theoretical understanding and inventive reasoning. - Scoring
System: Typically, partial credit is awarded for partially correct solutions, encouraging
ingenuity and problem-solving persistence.

Typical Themes and Problem Types

Understanding the nature of CMO problems is essential for preparing effectively. These
problems tend to fall into several recurring themes, each emphasizing different
mathematical skills and concepts.

1. Number Theory

Number theory problems are a staple of the CMO, often involving divisibility, prime
numbers, modular arithmetic, and Diophantine equations. Common problem types
include: - Proving divisibility properties - Finding integers satisfying certain conditions -
Analyzing prime factorizations - Working with congruences and residues Example: Find all
integers \( n \) such that \( n^2 + 1 \) divides \( n^3 + 1 \).

2. Combinatorics

Combinatorial problems focus on counting, arrangements, and existence proofs. Typical
challenges involve: - Pigeonhole principle applications - Counting permutations and
combinations with constraints - Constructive existence proofs - Inequalities in
combinatorial settings Example: In how many ways can 10 distinct books be arranged on
a shelf so that two specific books are never adjacent?

3. Geometry

Geometry problems in the CMO are renowned for their elegance and depth, often
involving classical and advanced Euclidean geometry, as well as coordinate bash and
transformations. Focus areas include: - Angle chasing - Similarity and congruence - Power
of a point and radical axes - Geometric inequalities - Use of coordinate geometry and
vector methods Example: Given a triangle \( ABC \), point \( D \) on \( BC \), and \( E \) on
\( AC \), prove that a certain angle relation holds when lines are drawn through these
points.



4. Algebra

Algebraic problems often involve polynomial identities, functional equations, and
inequalities. Typical questions involve: - Symmetric sums and polynomial roots -
Functional equations solutions - Bounding expressions and inequality proofs Example:
Find all functions \( f: \mathbb{R} \to \mathbb{R} \) satisfying \( f(x + y) = f(x) + f(y) \)
for all real \( x, y \).

Problem-Solving Strategies in CMO

The problems in the China Math Olympiad demand a repertoire of advanced problem-
solving techniques. Here are some key strategies frequently employed:

1. Recognizing Patterns and Structures

- Identifying symmetry, invariance, or invariants - Spotting hidden algebraic or geometric
structures - Exploiting known problem archetypes

2. Constructive and Non-Constructive Methods

- Constructing explicit examples or configurations - Using contradiction to eliminate
impossible scenarios - Applying extremal principles and inequalities

3. Algebraic Manipulation and Transformation

- Factoring and expanding polynomials - Variable substitutions - Symmetrization
techniques

4. Geometric Approaches

- Angle chasing and auxiliary lines - Power of a point and cyclic quadrilaterals -
Coordinate or vector methods for precision

5. Number Theoretic Techniques

- Modular arithmetic - Prime factorization analysis - Euclidean algorithm and Diophantine
equations

Sample Problems and Deep Dive into Solutions

To illustrate the depth and creativity involved in CMO problems, we analyze a few
representative problems with detailed solutions.
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Problem 1: Number Theory

Problem: Find all positive integers \( n \) such that \( n^2 + 1 \) divides \( n^3 + 1 \).
Solution Outline: - Rewrite the divisibility condition: \( n^2 + 1 \mid n^3 + 1 \). - Use
polynomial division to relate \( n^3 + 1 \) to \( n^2 + 1 \). Step-by-step solution: 1. Divide
\( n^3 + 1 \) by \( n^2 + 1 \): \[ n^3 + 1 = (n) \times (n^2 + 1) - n + 1. \] 2. The
divisibility condition becomes: \[ n^2 + 1 \mid n^3 + 1 \implies n^2 + 1 \mid (n^3 + 1) -
n(n^2 + 1) = -n + 1. \] 3. So, \( n^2 + 1 \mid -n + 1 \). Equivalently, \( n^2 + 1 \mid n - 1
\) (since divisibility by a number is unaffected by sign). 4. But \( n^2 + 1 > n - 1 \) for all
\( n \geq 2 \), so the only possibility is \( n - 1 \) is divisible by \( n^2 + 1 \). 5. Since \( n^2
+ 1 > n - 1 \) for all \( n \geq 2 \), the only candidate is \( n = 1 \). 6. Check \( n=1 \): \[
1^2 + 1 = 2, \quad 1^3 + 1 = 2, \] and \( 2 \mid 2 \). So \( n=1 \) is a solution. Answer:
The only positive integer \( n \) satisfying the condition is \( n=1 \).

Problem 2: Geometry

Problem: In triangle \( ABC \), points \( D \) and \( E \) lie on sides \( BC \) and \( AC \)
respectively. Suppose that \( AD \) and \( BE \) intersect at \( O \). Prove that if \( AD \) and
\( BE \) are concurrent at \( O \), then \( O \) lies inside \( \triangle ABC \) if and only if \( D
\) and \( E \) are inside the respective sides. Solution Highlights: - Use Ceva's Theorem to
analyze concurrency. - Examine position of points relative to the triangle. - Employ
coordinate geometry for explicit calculation if necessary. Key steps: 1. Applying Ceva's
Theorem: \[ \frac{BD}{DC} \times \frac{CE}{EA} \times \frac{AF}{FB} = 1, \] where \( F
\) is the intersection of the cevians, but in this case, focus on the segments \( D \) and \( E
\). 2. Position considerations: - If \( D \) and \( E \) are on the segments (not just the lines),
then the intersection point \( O \) lies inside \( \triangle ABC \). - Conversely, if \( D \) or \(
E \) lie outside the segments, the intersection may be outside. 3. Coordinate approach:
Assign coordinates to \( A, B, C \). Let \( A=(0,0) \), \( B=(1,0) \), \( C=(0,1) \). Choose \( D
\) on \( BC \), \( E \) on \( AC \). Compute the equations of lines \( AD \) and \( BE \) to find
the intersection \( O \). Conclusion: - The position of \( D \) and \( E \) directly influences
whether \( O \) is inside \( \triangle ABC \). - The problem emphasizes the importance of
segment inclusion versus line extension.

Problem 3: Algebra and Inequalities

Problem: For real numbers \( x, y \), prove that: \[ x^2 + y^2 \geq 2|xy|. \] Solution: -
Recognize that

Questions & Answers About china math olympiad
problems and solutions
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Question Answer

1 What are some common
types of problems featured in
China Math Olympiad
competitions?

China Math Olympiad problems often include
number theory, combinatorics, algebra, geometry,
and functional equations, challenging students to
develop creative problem-solving strategies and
deep mathematical understanding.

2 How can students effectively
prepare for China Math
Olympiad problems?

Preparation involves studying advanced problem-
solving techniques, practicing previous years'
problems, participating in math camps, and
engaging with challenging exercises to build logical
reasoning and creativity.

3 What is an example of a
typical geometry problem in
China Math Olympiad and its
solution?

Example: In triangle ABC, points D and E are
midpoints of sides AB and AC respectively. Find the
length of segment DE in terms of BC. Solution: By
mid-segment theorem, DE is parallel to BC and half
its length, so DE = ½ BC.

4 Are solutions to China Math
Olympiad problems available
for self-study?

Yes, many resources including official problem sets,
solution guides, and online forums provide detailed
solutions, enabling students to learn problem-
solving techniques independently.

5 What role do innovative
problem-solving techniques
play in solving China Math
Olympiad problems?

Innovative techniques such as creative
constructions, symmetry, invariants, and advanced
algebraic manipulations are crucial for tackling
challenging problems and discovering elegant
solutions.

6 How do China Math Olympiad
problems differ from other
international math
competitions?

China Math Olympiad problems tend to emphasize
deep conceptual understanding, creative reasoning,
and elegant solutions, often requiring students to
think beyond standard methods, setting them apart
from some other competitions.

China math olympiad, math competitions, problem-solving strategies, algebra problems,
geometry challenges, number theory, advanced math problems, olympiad solutions,
contest preparation, mathematical reasoning
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